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Abstract
We employ the holographic method to study fluctuations and dissipation of an n-dimensional
moving mirror coupled to quantum critical theories in d spacetime dimensions. The bulk counter-
part of the mirror with perfect reflection is a n+1-dimensional membrane in the Lifshitz geometry
of d+1 dimensions. The motion of the mirror can be realized from the dynamics of the brane at the
boundary of the bulk. The excited modes of the brane in the bulk render the mirror undergoing
Brownian motion. For small displacement of the mirror, we derive the analytical results of the
correlation functions and response functions. The dynamics of the mirror due to small fluctuations
around the brane vacuum state in the bulk is found supraohmic so that after initial growth, the
velocity fluctuations approach a saturated value at late time with a power-law behavior. On the
contrary, in the Lifshitz black hole background, the mirror in thermal fluctuations shows that its
relaxation dynamics becomes ohmic, and the saturation of velocity fluctuations is reached expo-
nentially in time. Finally a comparison is made with the result of a moving mirror driven by free
fields.
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I. INTRODUCTION
Understanding of the microscopic origin of dissipation and fluctuations in a nonequilib-
rium system is the main concern in statistical mechanics. One of the ubiquitous nonequilib-
rium phenomena in nature is Brownian motion in which an object moves under a fluctuating
environment. In this case, the Langevin equation is known to provide a satisfactory descrip-
tion of the Brownian particle, and its generic form is given by
mX¨(t) +
∫
dt′ θ(t− t′)µ(t− t′)X(t′) = R(t) , (1)
where X(t) is the position of the particle. This Langevin equation is a classical equation
of motion modified phenomenologically by two terms that incorporate both dissipation and
fluctuation effects upon the particle in a random medium. The memory kernel µ(t) accounts
for the dissipation effect, and in general depends on the past histories of the particle. The
noise force R(t) that mimics the random environment and is correlated over time scales
determined by the typical scales of the medium. The statistic properties of the noise are
specified by
〈R(t)〉 = 0 , 〈R(t)R(t′)〉 = η(t− t′) . (2)
These two effects are ultimately crucial for the system to evolve into thermodynamic equilib-
rium of the Brownian particle with the environment, and are thus related by the fluctuation-
dissipation theorem.
A microscopic description that leads to the Langevin equation (1) has been developed by
Caldeira and Leggett [1] within the context of one-particle quantum mechanics. The idea
is to consider a specific system-environment model where the particle interacts bilinearly
with an environment. The effects of environmental degrees of freedom on the particle can
be summarized with the method of Feynman-Vernon influence functional [2] by integrating
out environment variables. In the classical approximation where the intrinsic quantum
uncertainties of the particle is ignored, the Langevin equation can be obtained by minimizing
the corresponding effective stochastic action. This effective action can be exactly derived if
the environment variables are Gaussian and their coupling with the system is linear [3, 4].
However many interesting strongly coupled environments, such as condensed matter systems,
are out of reach by the method of influence functional.
The study of the Brownian particle has been extended to the nonequilibrium dynamics of
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a charged oscillator in nontrivial quantized electromagnetic-field backgrounds [5, 6] and to
a perfectly reflecting mirror moving in a quantum field [7, 8]. The moving mirror problem
is of interest in its own right. For example, this problem can be related to the dynamical
Casimir effect. When the mirror undergoes nonuniform acceleration, it is expected to create
quantum radiation that in turn damps out the motion of the mirror as a result of the motion-
induced radiation reaction force. In 3+1-dimensional spacetime, this problem is solved only
for small mirror displacement. The force acting on the mirror is the radiation pressure of
the environmental field that arises from the area integral of the stress tensor. Then the
coarse-grained effective action is obtained by integrating out the quantum field, and thus
the corresponding semiclassical Langevin equation of the form (1) is derived. In the small
displacement and slow motion limit of the mirror, the emission of quantum radiations that
accounts for damping is found hardly detectable in a quantum vacuum environment. It is
still unclear whether or not this effect can be observed in a strong coupling environment.
To understand these issues, in this paper we plan to employ holographic duality to study
the nonequilibrium dynamics of a mirror moving in a quantum/thermal bath. The prototype
of the holographic duality is the AdS/CFT correspondence, which is a weak-strong coupling
duality between the type IIB string theory in AdS background and the N = 4 super Yang-
Mills theory [9]. It is soon generalized to other backgrounds and field theories, and has been
proven fruitful in applying to the strong coupling problems in condensed matter systems
and the hydrodynamics of the quark-gluon plasma etc. The first investigations in applying
AdS/CFT to study the dissipation behavior in the strongly coupled field theory were done
independently in [10–12], where the probed particle is represented by a string hanging from
the boundary of the AdS black hole. Later progresses have been made to understand the
fluctuations of this end point of the string as Brownian motion [13–17]. For a general review
on application in the nonequilibrium dynamics, see [18]. In recent studies [19], Tong and
Wong have discussed Brownian motion in the environments at their quantum critical points
using the holographic duality. The quantum critical point is a fixed point theory with the
following scaling symmetry:
t→ Λzt , x→ Λx . (3)
For z = 1, it is the usual scale invariance from conformal symmetry. Other values of z
can arise from finite temperature multicritical points (z = 2 for the Lifshitz point) of the
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condensed matter systems. Quantum critical points can also be realized in the strongly
correlated electron system, for example, the dimer model [20]. The holographic dual for
such quantum critical theories has been proposed in [21], where the gravity theory is in the
Lifshitz background:
ds2 = L2
(
− r2zdt2 + r2d~x2 + dr
2
r2
)
. (4)
In the following, the curvature radius L is set to be unity. In [19], the authors derived the
analytic results of dissipation and random force correlation functions in quantum critical
theories via holographic duality in the Lifshitz background.
The idea of this paper is to model the problem of a mirror moving under quantum
critical theories in terms of the gravity theory with scaling symmetry characterized by the
exponent z via the holographic duality. We can then compare the results with the findings
in [7] for z = 1 in the case of the relativistic quantum field, and further generalize it to
other quantum field theories for z 6= 1. In the next section, our holographic setup will be
explained in details, and the response function to an external force on the two-dimensional
mirror will be derived. In Sec. III, we generalize to a mirror of general dimensions and also
compute the response function and the correlation function that exhibit essential properties
of Brownian motion. The fluctuation-dissipation theorem is then verified. In Sec, IV, the
finite temperature Brownian motion of a moving mirror in the holographic setup will be
studied. We then conclude and point out some future works in Sec. V.
II. HOLOGRAPHIC SETUP FOR THE MOVING MIRROR PROBLEM
In this section we propose a holographic setup for coupling a mirror to quantum critical
theories. Here we employ the “bottom-up” method for the holography duality, where we
leave the derivation of the duality in general backgrounds as an open question but are
content in assuming that there is a field theory dual to the gravity setup we consider here.
The gravity counterpart for the two-dimensional mirror is a three-dimensional membrane
(3-brane). We consider it as a probed brane moving in the d + 1-dimensional Lifshitz
background with the metric given in (4). Here the nature of this 3-brane is left unspecified,
while the field theory dual to Lifshitz geometry is still unclear (see [21] and the follow-up
papers). But we expect the behaviors we found in this paper can be general for large classes
of strongly coupled field theories. Let us consider another d−1-brane extended in all spatial
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directions other than r and located at r = rb. We would like to interpret this as a boundary
brane where the boundary theory lives. And 1/rb can be regarded as the UV cutoff in the
boundary theory [19], and its physical interpretation will be given later. Let the probed
3-brane end on the boundary d− 1-brane and extend in the x1 and x2 directions. We then
treat these two directions as spatial directions of a two-dimensional mirror and other spatial
directions xI , with I = 3, 4, . . . , d as perpendicular directions to the mirror’s surface. In the
bulk, the position of the 3-brane can be parametrized (in the static gauge) by xI(t, r, x1, x2).
We assume a rigid mirror, so xI is independent of x1 and x2. The 3-brane is governed by
the DBI action SDBI = −T3
∫
dr dt dx1 dx2
√
det hab, where hab is the induced metric on the
brane and T3 is the brane tension. Here, for simplicity, we have assumed the trivial dilaton
background and turn off the gauge fields on the 3-brane. In the Lifshitz geometry it reduces
to the following action:
SDBI = −T3
∫
dr dt dx1 dx2 r
z+1
√
1 + r4x′Ix′I − x˙
I x˙I
r2z−2
+
(x′I x˙I)2
r2z−6
− (x
′Ix′I)(x˙J x˙J )
r2z−6
≈ constant− T3
2
∫
dr dt dx1 dx2
(
rz+5x′Ix′I − x˙
I x˙I
rz−3
)
, (5)
where x′I = ∂rx
I and x˙I = ∂tx
I and the last expression in (5) is obtained by assuming small
variations of xI around the minimal energy configuration. Since all modes in the I directions
are independent, we assume that the motion of the mirror along one of them denoted by x.
The equation of motion for the expectation value of x in frequency space becomes
∂
∂r
(
rz+5
∂
∂r
〈x〉
)
+
ω2
rz−3
〈x〉 = 0 . (6)
In [7, 8], we investigate the dynamics of a perfectly reflecting mirror when it couples with the
quantum field. Their mutual coupling can be derived from the Dirichlet boundary conditions
of the field we imposed on the mirror. In the field-theoretic approach, the effective coupling
in the limit of small displacement is shown to take the form
∫
dt F (t)X(t) , (7)
where X is the position of the mirror. The radiation pressure of the field F (t) on the mirror
is given by the expectation value of the energy momentum tensor in either the vacuum or
the thermal state of the field
F (t) =
∫
dx1 dx2 〈Tx,x〉 . (8)
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Here Tx,x is the component of the energy momentum tensor of in the direction of mirror’s
motion. It is found that the force arising from the quantum field cannot be evaluated
infinitesimally close to the surface of the mirror due to short-distance divergences [7], which
later can be resolved by introducing a fluctuating boundary [22]. Thus, the introduced 1/rb,
a short-distance scale, naturally gives uncertainties of the location of the mirror’s surface at
r = rb.
In the holographic setup, the variable
X(t) = x(t, r = rb) (9)
is the boundary value of the 3-brane position. Here we assume the boundary of the probed
3-brane can have an effective coupling like the one in (7). Additionally, we would like to
emphasize that although this type of the coupling is obtained for the problem of a moving
mirror influenced from radiation fields, our following holographic approach is also applied
for an extended object as long as its coupling to quantum critical theory can be described
by (7). Varying the action gives
T3S r
z+5
b
∂〈x〉
∂r
∣∣∣∣
r=rb
= F (10)
where 〈x〉 satisfies the equation of motion (6) and S is the area of the mirror. Similar
to the study of the Brownian particle in [19], we calculate the response function in this
holographic setup by first solving (6) with the incoming-wave boundary condition, which is
a usual holographic prescription for the retarded Green function [19]. Then the solution to
the equation of motion is the Hankel function of the first kind
〈x(t, r)〉 = 1
r2+
z
2
H
(1)
2
z
+ 1
2
(
ω
zrz
)
e−iωt . (11)
The force acting on the mirror can be calculated by (10):
F (ω) = T3Sωr
− z
2
+2
b H
(1)
2
z
− 1
2
(
ω
zrzb
)
e−iωt . (12)
The linear response to this force is described by
〈X(ω)〉 = χ(ω, z)F (ω) . (13)
Thus according to the identification (9), we find the response function
χ(ω, z) =
1
ωr4bT3S
H
(1)
2
z
+ 1
2
( ω
zrz
b
)
H
(1)
2
z
− 1
2
( ω
zrz
b
)
. (14)
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It is then instructive to examine the low-frequency behavior of the response function, ex-
pressed in the form
χ(ω, z) =
1
m(z) (iω)2 + µ(ω, z)
, (15)
where m is an inertial mass and the µ term is the self-energy. The low-frequency expansion,
i.e. ω ≪ rzb , gives
m(z) =
T3S
(4− z)rz−4b
, µ(ω, z) = γ(z)(−iω)1+ 4z + δ(z)(−iω)4 + · · · (16)
with
γ(z) =
T3S
(2z)4/z
Γ(1
2
− 2
z
)
Γ(1
2
+ 2
z
)
, δ(z) = − T3S
(4 − 3z)(4 − z)2r3z−4b
. (17)
To avoid the breakdown of a low-frequency expansion near z = 4/3 and z = 4, we have to
restrict the value of ω such that in the expansion, the next order correction can not be larger
than the order of interest. This restriction imposes a condition, ω < |(z − 4)(z − 4/3)| rzb .
Apart from z = 4/3 and z = 4, the γ term with a frequency dependence ω1+
4
z will give
the damping effect on the mirror. Additionally, the self-energy µ has a term proportional
to ω4, which is the next order result in a small ω expansion. As in the case of the Brow-
nian particle [19], the similar nonanalytic term in the self-energy, which has the power-law
dependence on frequency, is also found. Since the object of interest is a two-dimensional
mirror, as compared with a point particle in [19], the power of the r dependence in action
SDBI is increased by 2 to account for the additional degrees of freedom. As a result, the
critical value shifts to z = 4. It has also been discussed in [19] that in spite that both m
and γ are changed from positive to negative values when z goes from 1 < z < 4 to z > 4,
its ratio γ/m remains positive in a way that they still give sensible results for describing the
dynamics of the mirror.
Before closing this section, let us compare the z = 1 case with the field theoretic calcula-
tions in [7], where the mirror is coupled to a relativistic free scalar field. Here when z = 1,
the self-energy term obtained from a holographic approach is given by
µ(ω, z = 1) = T3S
(
ω4
9 r−1b
+
iω5
6
+ ...
)
. (18)
with an ultraviolet energy cutoff rb. The dominant terms in a small ω expansion have the
same ω dependence in both cases, but different coefficients. The difference in the coefficients
may lie in the fact that the environment assumed in the holographic approach is a strongly
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coupled field rather than a free field in the field-theoretic approach. In particular, we observe
that the coefficient of the γ term is proportional to T3, so it will increase in accordance
with the coupling constant λ of the corresponding strongly coupled boundary field. The
connection that T3 ∝ λ merely reflects the fact that the 3-brane tension T3 is proportional
to α′−2 that in turn can be related to the coupling strength λ by λ = L4/α′2 via AdS/CFT
correspondence where L is the curvature radius in the Lifshitz background.
III. GENERAL DIMENSION MIRRORS AND THE FLUCTUATION-
DISSIPATION THEOREM
We now generalize our previous results to an n-dimensional mirror with its bulk counter-
part as a n + 1-brane with the coordinates, xIn(t, r, x1, x2.., xn), where In = n + 1, ..., d− 1
are the directions normal to the brane. Under the same assumptions used in the 3-brane
case, when the mirror moves along one of the In directions, the corresponding equation of
motion for 〈x〉 is given by
∂
∂r
(
rz+n+3
∂
∂r
〈x〉
)
+
ω2
rz−n−1
〈x〉 = 0 . (19)
Assuming the coupling described by a similar surface integral of the stress tensor of the
fields as in (7), we then have the response function of an n-dimensional mirror given by
χn(ω, z) =
1
ωrn+2b Tn+1Sn
H
(1)
n+2
2z
+ 1
2
( ω
zrz
b
)
H
(1)
n+2
2z
− 1
2
( ω
zrz
b
)
, (20)
where Sn is the mirror’s surface area and Tn+1 is the (n + 1)-brane tension. In the low
frequency limit, the response function can be cast in the form
χn(ω, z) =
1
mn(z)(iω)2 + µn(ω, z)
, (21)
in which
mn(z) =
Tn+1Sn
(n+ 2− z)rz−n−2b
, µn(ω, z) = γn(z)(−iω)1+n+2z + δn(z)(−iω)4 + ... (22)
with
γn(z) =
Tn+1Sn
(2z)(n+2)/z
Γ(1
2
− n+2
2z
)
Γ(1
2
+ n+2
2z
)
, δn(ω, z) = − Tn+1Sn
(n + 2− 3z)(n + 2− z)2r3z−n−2b
. (23)
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Here the critical value is changed to z = n+2 as expected. The low-frequency expansion is
valid as long as ω < |[z − (n− 2)][z − (n+ 2)/3]| rzb .
In the following, we will examine the long time dynamics of the mirror, in particular its
saturation mechanism on velocity fluctuations.
A. Fluctuation-dissipation theorem
The stochastic behavior of the mirror is reflected by the two-point correlation function
of its position. The idea of the holographic duality is to relate the two-point function of
mirror’s positions to the correlation function of the position of n + 1-brane evaluated on
the boundary of the bulk. The fluctuations associated with the mirror’s position in the
holographic setup result from the fluctuations around the brane vacuum state in the bulk.
In what follows, we quantize the modes normal to the n-dimensional mirror surface. The
procedure of the canonical quantization mainly follows that in [18].
We first find the momentum conjugated to the coordinate x, which describes the motion
of the brane, from SDBI , straightforwardly generalized from (5), as
π(t, r) =
Tn+1
rz−1−n
x˙(t, r) , (24)
for a rigid mirror so that x does not depend on x1, x2, ..., xn. The mode expansion on the
position operator x(t, r) in its frequency space is given by
x(t, r) =
∫ ∞
−∞
dω√
2π
xω(r) e
−iωt
=
∫ ∞
0
dω Uω(r)
(
aω e
−iωt + a†ω e
iωt
)
. (25)
The equal-time commutation relations give the Wronskian condition of the mode functions
Uω in the Lifshitz geometry,
− iTn+1Sn
∫ rb
0
dr
1
rz−1−n
{
Uω(r)e
−iωt∂t
[
Uω(r)e
iωt
]
− ∂t
[
Uω(r)e
−iωt
]
Uω(r)e
iωt
}
= 1 . (26)
The vacuum state is annihilated by aω for all ω modes. The mode functions are solved from
(19) with the Neumann boundary condition x′n(rb, t) = 0 and the Wronskian condition (26).
Thus the two-point function associated with the rigid D-brane fluctuations at r = rb is
obtained as
〈Xω X−ω〉 = 〈xω(rb) x−ω(rb)〉 = 2πU2ω(rb)
9
=
4zrz−2−nb
πω2Tn+1Sn
[
J2n+2
2z
− 1
2
(
ω
zrzb
)
+ Y 2n+2
2z
− 1
2
(
ω
zrzb
)]−1
. (27)
The fluctuation-dissipation theorem relates the fluctuations of the mirror’s position to the
imaginary part of its response function in (20), and can be shown to take the form
〈XωX−ω〉 = 2Imχn(ω, z) . (28)
Evidently the bulk results can really capture the essential properties of Brownian motion in
a general environment.
B. Supraohmic behavior and velocity fluctuations
According to the general Langevin equation (1), the effects of the environment on the
system are classified according to the low-frequency behavior of the imaginary part of the
self-energy µ, i.e. the friction term of the general form γωk+1, as subohmic, ohmic, and
supraohmic for k < 0, k = 0 and k > 0 respectively. The low-frequency expansion of the
response function in (20) from the holographic approach gives k = (n + 2)/z, and for the
positive value of n and z it corresponds to the supraohmic case. As a result of the fluctuation-
dissipation relation, it is expected that the properties of the fluctuations associated with the
mirror will be different from the ohmic environment, such that they result in the different
mechanism for the evolution of velocity fluctuations toward their saturation.
The long-time dynamics of velocity fluctuations relies on the behavior of the correlation
function in the low-frequency limit, obtained from (27), as 〈Xω X−ω〉 ∼ ω n+2z −3 for 1 < z <
n + 2 and 〈Xω X−ω〉 ∼ ω−n+2z −1 for z > n + 2. Thus from the Langevin equation (1), the
correlation function of the random forces is found to be
〈Rn;ωRn;−ω〉 = 〈XωX−ω〉
χn(ω, z)χn(−ω, z) . (29)
Then, together with the results in (21), (22), and (23), we have
〈Rn;ωRn;−ω〉 ∼ ω n+2z +1 , (30)
in the low-frequency limit. Thus,
∫ ∞
−∞
dτ〈Rn(τ)Rn(τ ′)〉 = 2
∫ ∞
0
dτ〈Rn(τ)Rn(τ ′)〉 =
∫ ∞
−∞
dτ η(τ − τ ′) ∝ lim
ω→0
〈Rn;ωRn;−ω〉 = 0 .
(31)
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We show that the integration of the force-force correlation function over the whole time
regime is found vanishing. In general, the positive force-force correlation may contribute to
the growth of the velocity dispersion, whereas the negative correlation may halt its growth.
The cancelation between them implies that the velocity dispersion will reach a constant at
asymptotical times. It certainly leads to a rather different saturation mechanism than an
ohmic environment where the force-force correlation function remains positive at all times.
This scenario for the supraohmic case has been discussed in [7, 8, 23]. Here we extend our
precious study by considering the strongly coupled environment in quantum critical theories.
Velocity fluctuations can be computed straightforwardly as follows:
〈(δv(t))2〉 = 〈v2(t)〉 − 〈v(t)〉2 =
∫ dω
π
ω2〈XωX−ω〉 (1− cosωt) . (32)
The saturated value of the velocity dispersion is
v2s =
∫ dω
π
ω2〈XωX−ω〉 = 4z2N r
2z−2−n
b
Tn+1Sn
, (33)
with
N =
∫ 1/2z
0
dy
(
J2n+2
2z
− 1
2
(y) + Y 2n+2
2z
− 1
2
(y)
)−1
, (34)
where we impose the frequency cutoff rzb . Using the expression of the inertial mass in (22), we
have mnv
2
s ∼ rzb as expected on dimensional grounds. Nevertheless, the late-time saturation
behavior of the velocity fluctuations follows the power law. We find that for z > n+ 2,
〈(δv(t))2〉 − v2s ∝ −
1
Tn+1Sn
(2z)
n+2
z t
n+2
z
−2 , (35)
and for 1 < z < n+ 2,
〈(δv(t))2〉 − v2s ∝ −
1
Tn+1Sn
(2z)−
n+2
z
+2
r
2(2+n−z)
b
t−
n+2
z . (36)
They are our main results in this paper. Notice that different power-law behavior in time is
mainly due to the fact that the low frequency behavior of the response function is dominated,
respectively, by the inertial mass term for 1 < z < n+2 and the γ term for z > n+2. The rb
dependence can also be realized from the dimensional argument, and can be substituted by
the inertial mass through the relation (22), which carries units with dimension [m] = 2− z
in this problem.
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IV. HAWKING RADIATION AND THERMAL MOTION
We now heat up the environment in this holographic model with a Lifshitz black hole
background. We will study the response function and thermal fluctuations for a n+1-brane
in this background, and explicitly verify the corresponding fluctuation-dissipation theorem.
The background metric of a Lifshitz black hole in d+ 1 dimensions is
ds2 = −r2zf(r)dt2 + dr
2
f(r)r2
+ r2d~x2 . (37)
In the low-frequency limit, the actual form of the function f(r) is irrelevant, but the function
is required to satisfy the properties like f(r)→ 1 for r →∞ and f(r) ≃ c(r − rh) near the
black hole horizon rh with c = (d+ z − 1)/rh. The temperature of the black hole and also
of the boundary field theory is
1
T
=
4π
d+ z − 1
1
rzh
. (38)
The equation of motion for the expectation value of xT moving along one of the directions
normal to the (n+ 1)-brane in this background becomes
∂
∂r
(
rz+n+3f(r)
∂
∂r
〈xT 〉
)
+
ω2
rz−n−1f(r)
〈xT 〉 = 0 . (39)
This equation of motion can be cast into the Schrodinger-like equation using tortoise coor-
dinate r∗ =
∫
drf(r)−1r−z−1 as follows:
d2yT
dr∗2
+
[
ω2 − V (r)
]
yT = 0 , (40)
where yT = r
n
2
+1xT and V (r) = r
2z(n
2
+ 1)f(r)
[
(z + 1 + n
2
)f(r) + rf ′(r)
]
. We first find the
solutions in three separate regimes specified below. The whole solution will be obtained by
the matching method (see [19] and references therein). Here we just summarize the final
results.
In regime (A), the near-horizon region, defined by r → rh and thus V (r) ≪ ω2, the
solution in the small ω approximation is given by
x
(A)
T ≃ DT
[
1− i ω
crz+1h
ln(r − rh) +O(ω2)
]
, (41)
where DT is a constant and the in-falling boundary condition at r = rh is chosen. In regime
(B), where r takes intermediate values and V (r)≫ ω2, the solution is found as
x
(B)
T ≃ DT (1− i ωrn+2h k)
[
1 +O(ω2)
]
+ iDTωr
n+2
h
∫ ∞
r
dr′
r′z+n+3f(r′)
[
1 +O(ω2)
]
, (42)
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where κ is an ω-independent integration constant. Finally in regime (C), as r → rb, the
equation reduces to the one in Lifshitz geometry, and its solution is the Bessel functions. In
the small ω limit, we have the expansion
x
(C)
T ≃ i
DT
z + n + 2
ωrn+2h
rn+2+z
[
1− 1n+2
2z
+ 3
2
(ω/2zrz)2 +O(ω4)
]
+DT (1− i ωrn+2h κ)
[
1 +
1
n+2
2z
− 1
2
(ω/2zrz)2 +O(ω4)
]
. (43)
Thus the response function is given by
χnT (ω) =
x
(C)
T (rb, ω)
Tn+1Snr
z+n+3
b x
′(C)
T (rb, ω)
=
1
mnT (z)(iω)2 − γnT (z)iω +O(ω) , (44)
where
mnT (z) =
Tn+1Sn
rz−n−2b
{
1
n+ 2− z +
(
rh
rb
)2n+4[
(n + 2 + z)− κrz+n+2b
]}
, γnT (z) = Tn+1Snr
n+2
h .
(45)
The inertial mass mnT and the damping coefficient γnT have the temperature dependence
through the black hole temperature (38). Since the damping term has linear ω dependence,
the stochastic dynamics of the mirror in the thermal environment will be expected to be
ohmic.
Next we quantize the modes in this thermal background. We use the approximate solu-
tions found above and impose the Neumann boundary condition at r = rb. Since the mode
function near the horizon r = rh exhibits logarithmic divergence, an infrared energy cutoff
scale ǫ as r → rh is introduced for regularization. Without proper renormalization, the
result for the counterpart of (27), denoted as 〈XT ;ωXT ;−ω〉, can be pathological in the back-
ground of Lifshitz black hole. We may absorb this infrared divergence by carefully defining
the density of states as ∆ω = 4π2T/ ln(1/ε) [18]. The modes expansion now becomes
xT (t, r) =
∫ ∞
−∞
dω√
2π
xT ω(r) e
−iωt
=
√
ln(1/ε)
4π2T
∫ ∞
0
dω UTω(r)
(
aω e
−iωt + a†ω e
iωt
)
. (46)
The corresponding Wronskian condition is
− iTn+1Sn
∫ rb
rh+ε
dr
1
f(r)rz−1−n
{
UTω(r)e
−iωt∂t
[
UTω(r)e
iωt
]
−∂t
[
UTω(r)e
−iωt
]
UTω(r)e
iωt
}
= 1 .
(47)
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It is quite straightforward to find the complete solution over three separate regimes using
the matching method. Imposing the Neumann boundary condition at r = rb gives a solution
with an undetermined constant DT that can be fixed by the Wronskian condition in (47).
Here we only keep the divergent parts of this integral as rb → ∞ and ε → 0. Thus, in the
small ω approximation, the most relevant terms in the integral of (47) come from solutions
in regions (A) and (C), which take the forms,
U
(A)
T,ω(r) ≃ DT
[
(n + 2)2 − z2
(2z)2
(ω/2zrzb )
n+2
z
−1 +
z + n + 2
d+ z − 1(ω/2zr
z
h)
n+2
z
+1 ln(r − rh)
]
, (48)
and
U
(C)
T,ω (r) ≃ DT
[
(n+ 2)2 − z2
(2z)2
(ω/2zrzb )
n+2
z
−1
)]
. (49)
The undetermined constant DT is then given by
|DT |2 = 1
2ωTn+1Sn
[
(n+ 2)2 − z2
(2z)2
(ω/2zrzb )
n+2
z
−1
]−2[ rn−z+2h
d+ z − 1 ln(1/ε)
]−1
, (50)
which apparently suffers from the ln(1/ε) divergence. Note that in the Lifshitz black hole
background, the modes of the D-brane in the bulk get excited to obey the thermal distribu-
tion 〈aωa†ω〉 = (1− e−
ω
T )−1. Putting all together, the leading term in the small ω expansion
of 〈XT,ωXT,−ω〉 is obtained from the mode function U (C)T,ω (r) evaluated at r = rb as
〈XT,ωXT,−ω〉 = 〈xT ;ω(rb) xT ;−ω(rb)〉 = 2π
1− e− ωT
ln(1/ε)
4π2T
|U (C)T ω (rb)|2
≃ 1
1− e− ωT
2
Tn+1Snω
r−n−2h , (51)
which is divergence free.
The fluctuation-dissipation theorem in the thermal environment,
〈XT ;ωXT ;−ω〉 = 2
(
1
1− e− ωT
)
ImχnT (ω) , (52)
can be checked explicitly from the above results in their low-frequency limit. Additionally,
we find that
〈RnT ;ωRnT ;−ω〉 = 〈XT ;ωXT ;−ω〉
χnT (ω, z)χnT (−ω, z) ≈
〈XT ;ωXT ;−ω〉
ω2γ2nT
≈ Tn+1Sn 2T
(
4πT
d+ z − 1
)n+2
(53)
using the above expressions of γnT in (45) and rh in (38). Thus, this in turn can be translated
into the white noise forces in the time domain,
〈RnT (t)RnT (t′)〉 = Tn+1Sn 2T
(
4πT
d+ z − 1
)n+2
δ(t− t′) . (54)
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As a result, velocity fluctuations is anticipated to evolve in the same way as in the Brownian
motion in the ohmic case. They increase initially as the consequence of the energy input from
the noise forces. When t ∼ γ−1nT , the damping effect comes into the play, and then slows down
their growth into saturation. The saturated value of velocity fluctuations is v2Ts ≈ T/m2nT ,
where mnT is defined in (45). The relaxation dynamics follows an exponential behavior in
time within a time scale determined by γnT in (45). The main finding of this paper is to
obtain the general result of damping in a strong coupling environment by
γnT (z) = Tn+1Sn
(
4πT
d+ z − 1
)n+2
, (55)
where from (38) we replace rh by T to explicitly show the temperature dependence of the
result.
In particular, for z = 1 (the relativistic environmental field) and for a two-dimensional
mirror,
γT = T3S (2πT/d)
4 . (56)
The ohmic dynamics and the T 4 dependence of γT are in agreement with the findings in [7],
but the proportionality constant is different between the strong coupling environment and
the free field background as expected. Notice that in the strong field theory with coupling
λ >> 1, it will always show enhancement, since Tn+1 ∝ λ 2+n4 following the similar arguments
in the 3-brane case.
V. SUMMARY AND OUTLOOK
In this paper, we have successfully established the holographic setup for the nonequilib-
rium dynamics of a moving mirror coupled to quantum critical theories. The aim of this work
is to understand the quantum microphysics of nonequilibrium statistical problems via holo-
graphic duality. The mirror with perfect reflectance is realized by a n+ 1-brane of the bulk
theory in the Lifshitz geometry. The excitations of the bulk brane, due to either its vacuum
state in the Lifshitz geometry or the thermal state in the Lifshitz black hole background,
render the mirror undergoing Brownian motion. Nevertheless, they exhibit rather different
damping behaviors, in particular, on the evolution of velocity fluctuations. The dissipation
exerted on the mirror in the vacuum case is found to be supraohmic. For an initial growth
of velocity fluctuations, the saturation at late times follows the power-law: when z > n+ 2,
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the saturation behavior is like t
n+2
z
−2, and when 1 < z < n + 2, t−
n+2
z , respectively. On
the contrary, in the Lifshitz black hole background, the dissipation caused by thermal exci-
tations becomes ohmic so that the relaxation dynamics toward saturation is exponentially
fast with a relaxation time scale ∝ 1/γnT where γnT (z) = Tn+1Sn [(4πT )/(d+ z − 1)]n+2 .
In the small displacement approximation, for the relativistic quantum field (z = 1) and a
two-dimensional mirror, the dissipation/relaxation behavior of the mirror influenced from
the quantum field via the holographic approach follows the same dynamics as is obtained
by the field theoretic approach. However, all results based upon the holographic duality
are enhanced by the brane tension Tn to account for the strong coupling effects of the
environment.
Finally, we would like to point out some of our future work. In view of a close relation
between the holographic approach and the field-theoretical study of the nonequilibrium
problems in the linear response regime, the generalized Langevin equation in (1), which can
be derived from the known interactions between the system and the bath via the method
of influence functional, may be obtained from holography [24]. It is then an important next
step to establish this correspondence more explicitly by studying the full nonequilibrium
dynamics in a strong coupling environment beyond the linear response.
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